CALCULATION OF HIRZEBRUCH GENERA 
FOR MANIFOLDS ACTED ON BY THE 
GROUP Z/p VIA INVARIANTS OF THE ACTION 

Taras E. Panov 

Abstract. We obtain general formulae expressing Hirzebruch genera of a manifold 
with Z/p-action in terms of invariants of this action (the sets of weights of fixed 
points). As an illustration, we consider numerous particular cases of well-known 
genera, in particular, the elliptic genus. We also describe the connection with the 
so-called Conner-Floyd equations for the weights of fixed points. 



Introduction 

In this paper we obtain general formulae expressing Hirzebruch genera of a man- 
ifold acted on by Z/p with finitely many fixed points or fixed submanifolds with 
trivial normal bundle via invariants of this action. We also describe the connection 
with the so-called Conner-Floyd equations for the weights of fixed points. 

Actions of Ij/p were studied in [12], [13], [11], [8], where the so-called Conner- 
Floyd equations were deduced within cobordism theory (see formulae (31), (32)). 
These equations form necessary and sufficient conditions for a sets of elements of 
Z/p to be the set of weights of some Z/p-action (see §3 for the definition). Two 
approaches for the calculation of Hirzebruch genera of a stably complex manifold 
with a Z/p-action were proposed in [5]. 

The first approach is based on the application of the Atiyah-Bott-Lefschetz fixed 
point formula [1] , and so for its realization it is necessary to have an elliptic complex 
of bundles that are associated to the tangent bundle of the manifold. The Atiyah- 
Bott-Lefschetz formula obtained in [1] generalizes the classical Lefschetz formula 
for the number of fixed points and enables us to calculate the equivariant index 
of an elliptic complex of bundles over a manifold by means of certain contribution 
functions of the fixed submanifolds (see the details below). In particular, if an 
operator acts on a manifold with finitely many fixed points, the corresponding 
equivariant index can be expressed in terms of the fixed point weights. It was 
shown in [5] how to express the Todd genus, which is the index of an elliptic 
complex (namely, the Dolbeault complex) over a manifold with Z/p-action, via 
the equivariant index of the same complex for the action of the generator of Z/p. 
This equivariant index enters into the Atiyah-Bott-Lefschetz formula. In this way 
one deduces the formulae expressing the Todd genus in terms of the weights of 
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fixed points for this Z/p-action. The formulae obtained by this method contain the 
number-theoretical trace of a certain algebraic extension of fields of degree (p—l). 
In this paper, we use the same approach to obtain the formulae for other genera 
of manifolds with Z/p- action: the signature (or the L-genus), the Euler number, 
the A-genus, the general Xy-genus, and the elliptic genus. By this method we also 
obtain some general equations (see. § 5) for an arbitrary Hirzebruch genus having 
the property to be the index of a certain elliptic complex of bundles associated to 
the tangent bundle of a manifold with Z/p-action. 

In this paper we use the generalized Lefschetz formula in the somewhat different 
formulation, stated in [3]. This formula and especially the "recipe" it suggests for 
calculating the equivariant index of a complex via contribution functions of fixed 
points (see. § 5) are more convenient for applications than the formula from [1] used 
in [5] . The generalized Lefschetz formula was deduced in [3] from the cohomological 
form of the Atiyah-Singer index theorem, which was also proved there. We apply 
both formulae: some of the results (see §4) we obtain are based on the "old" 
Lefschetz formula of [1] , while others use the "recipe" in § 5 based on the formula 
from [3]. 

Another approach to the equations for Hirzebruch genera, also proposed in [5], 
is based on an application of cobordism theory in the same way as in the derivation 
of the Conner-Floyd equations in [12], [13]. In [5], the authors give a formula 
expressing the modp cobordism class of a stably complex manifold with a Z/p- 
action in terms of invariants of the action. Then they show that the diflFerence 
between the two formulae for the Todd genus (obtained by the first and second 
methods) is exactly the sum of the Conner-Floyd equations for the Todd genus. In 
this paper we show (see Theorem 7.1) that the difference between the two seemingly 
different formulae deduced by these two methods for an arbitrary genus is a weighted 
sum (with integer coeflBcients) of the Conner-Floyd equations for this genus. 

A case of particular interest is that of the so-called elliptic genus. In Witten's 
papers, a certain invariant was assigned to each oriented 2?i-dimensional mani- 
fold M^"^. This invariant is the equivariant index of the Dirac-like operator for the 
canonical action of circle on manifold's loop space. S. Ochanine [14] showed 
that this index is a Hirzebruch genus corresponding to the elliptic sine; which led 
to the term "elliptic genus". In [2], [9] and other papers, the rigidity theorem for 
the elliptic genus of manifolds with 5'^-action was proved. This theorem states 
that if we regard the equivariant elliptic genus 9951 (M) of such a manifold as a 
character of the group S^, then ipsi{M) is the trivial character and is equal to the 
elliptic genus (p{M). At the same time, the elliptic genus takes its values in the 
ring Z [^] [S,e], and its value on any manifold M^" is a modular form of weight n 
on the subgroup ro(2) C SL2(Z) (cf. [7]). In this paper we obtain formulae for the 
elliptic genus of a manifold with a Z/p-action having finitely many fixed points. A 
summary of results of this part of the paper has already been published in [15]. As 
an application we deduce certain relations between the Legendre polynomials by 
applying our formulae to a special action of Z/p on CP"' (see §8). 

In the remaining part of this article (see § 9) we generalize our constructions to 
the case of Z/p-actions with fixed submanifolds whose normal bundles are trivial. 

§ 1. Necessary information about Hirzebruch genera 

T „j- i\/r2n u„ „ ™ ;f„lJ „ „„™„1 — „j- .j- ;„ ;j-„ „j-„ui„ j- , — j- u ]1„ 
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that is, there is k such that TM®2k is a complex bundle. We write the total Chern 
class of the tangent bundle TM as 

c(TM) = 1 + ci(M) + C2(M) + • • • + Cn{M) = (1 + xi)(l + X2) • • • (1 + 

This means that the total Chern class of M is written as the product of the Chern 
classes of "virtual" line bundles whose sum gives TM. Therefore, c,(M) is the zth 
elementary symmetric function in Xi, . . . , x^- 

To each series of the form Q{x) — 1 + ■ ■ ■ with coefficients in a certain ring A 
there corresponds the Hirzebruch genus (Pq{M'^'^) = {Y[7=iQi^i))[-^^'^] (^^^ [^D- 
Along with Q{x), we introduce f{x) = x/Q{x) and g{u) = f~^{u). Each Hirze- 
bruch genus (p gives rise to a formal group law F^piu., v) = {g-^iu) + gipiv)) with 
logarithm gip(u) (see [5]). The corresponding power system [u]';^ = g^^ {ng^p{u)) 
(the nth power in the formal group law F^,). 

Hirzebruch genera for real orient able manifolds M"*"^ are defined similarly. Here 
we replace the Chern classes q by the Pontryagin classes Pi, and Xi by xf, that is, 

p{TM) = l+pi{M)+p2{M) + ■■■ +Pn{M) = (1 + xi){l + xl) ■■■{! + xl). 

Hence we now have Q{x^) instead of Q{x). 

The formulae obtained in this paper refer mainly to the following Hirzebruch 

genera. 

1. The universal genus (p corresponds to the identity homomorphism id: flu^Q. ~^ 

® Q. The corresponding formal group law of "geometric cobordisms" F_{u, v) 
(see [12]) is universal, that is, for any formal group law F{x,y) over a ring A there 
is unique ring homomorphism A: Clu ^ such that F{x, y) = A[F(tt, v)\ (see [5]). 
The logarithm of F(tt, v) is 

^ n + 1 ^n+1 

n=0 n=0 

Therefore, for any Hirzebruch genus (p we have 

n=0 

2. The Todd genus td(M) corresponds to the following series: 

Qtd{x) = - -, /td(w) = 1 - e""", 5ftd(u) = -ln(l - -u). 

1 — e ^ 

These formulae could also be deduced from the fact that td(CP") = 1. Indeed, 
using the identity (1), we obtain 

gtd{u) = 22 = - 1^(1 - 

n=0 

The corresponding power system is 

r„.ltd _ ^-1/ _ 1 „nln(l-u) _ 1 /1 „.\n 
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Thus, for the Todd genus 

/tdH = l-e--, gtd{u) = -Hl-u), [uf^^ = l-{l-ur. (2td) 

3. The Euler number e(M) (of the tangent bundle). Since e(CP^) = n + 1, we 
deduce (see [13]) that 

9e{u) = fe{w) = g~^(w) = ^ 



1-u' ' ' ' 1 + w 

So Q{x) — 1 + X and, as might be expected. 



i=l 



e[M] = ( H Q{xi) ) [M] = {xiX2 . ..Xn)[M^''] = c^fM^-]. 

Next, 



Thus, for the Euler number, 

s / \ / N ^ r le /ON 

^^^^^ = TT^' ^^^^^=1^' [^]"=l+(n-l)«- ^''^^ 
4. The signature (the L-genus) corresponds to the following series: 

X x(b^ -\- 6~^) 



gL{u) — arctanh(u) = 2 — ^ ' 



This is in accordance with Hirzebruch's theorem (the L-genus equals the signa- 
ture, see [6]), from which we deduce that L(Cp2") = 1, L(Cp2"+i) = 0. The 
corresponding power system is 

Thus, for the L-genus, 

5. There is a one-parametric genus which generalizes three previous examples, 
namely, the x^-genus. This is the Hirzebruch genus that corresponds to the follow- 
ing series: 

_ x{l + ye-<^+y^) 
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Neglecting the normalizing condition f^y{w) = w + - ■ ■ and replacing w{l+y) by w, 
we obtain 

fv \w) = , [u) = m — . 

The expression for the power system associated to the Xy-genus is the same in both 
cases: 

For y = 0, — 1, 1 we get respectively the Todd genus, the Euler number and the L- 
gcnus. 

6. The A-genus corresponds to the following series: 

a;/2 X 
Qa\x) - - 



sinh(a;/2) g^/^ - e-^/^ ' 

/ IX) \ / 1Xi\ I 11 I 

fA{w) = 2 sinh j , gA{u) = 2 arcsinh ( 2 j " I 2 ^ V ^ T 

The corresponding power system is 

Mn — 9a^ {''^9a{u)) — 2 sinh(?i arcsinh(u/2)) 



Thus, for the A-genus, 

fAiw) — 2sinh(w/2), gA{u) — 2 arcsinh (u/2), [w]^ = 2sinh(narcsinh(u/2)). 

(2a) 

§ 2. Calculation of Hirzebruch genera 

BY MEANS OF THE AtIYAH-SiNGER INDEX THEOREM 

We deal with the following elliptic complexes: the de Rham complex A*, 

r(AO) ^r(Ai) ^ ••• ^r(A"), 

and the Dolbeault complex A^'*, 

r(AP'°) ^ r(AP'i) ^ . . . ^ r(AP'"), 

where A^ = A*(T*M) is the bundle of differential z-forms on M nd A^'* = Ap{T*M)A 
A\T*M) ^ AP{T*M) A A^(TM) is the bundle of differential forms of type 
(If the manifold M is endowed with an Hermitian metric, then T M c::^ TM.) 
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Theorem 2.1. Let M be a compact, oriented, dijferentiable manifold of dimen- 
sion 2n and let E = {di : TEi — > TEi+i} be an elliptic complex (z = 0, . . . , m — 1) 

associated to the tangent bundle {that is, all bundles Ei are associated to TM). 
Then the index of this complex is determined by the following formula: 

ind{E) = (-1)^ (|(;^ f;(-l)*ch(E,)) td(TM ® C) j [M], 

where ch.{Ei) is the Chern character of bundle E^. 

Remark. Formally factoring the Euler class e{TM) = x\ . . .Xn out of td(TM®C) = 
11^=1 ^ixj ■ iJ^e'j ^ ill the previous expression, we get the following formula: 

Let us consider the elliptic complex = 0p=o l/^^^'*^ | • (We note that this 
object becomes a true elliptic complex only after replacing y by actual integers. 
But its index is obviously defined for arbitrary y as a polynomial in y. In what 
follows we regard such objects as elliptic complexes.) Using the Atiyah-Singer 
index theorem, we easily prove the following fact, which was initially proved by 
Hirzebruch (see [6]). 

Theorem 2.2. The index of the elliptic complex {X^} equals the Xy-genus (defined 
above) of the manifold M, that is, 

ind(X^) = Xy[M] ^ (n ^^^^1^) [M]. 
Proof. Using formula (3), we have: 

\ ^ i=0 ^ ^p=0 ^ j=l ^ ^ J 

11(1 - e^O 11(1 + ye-'.) J] J— ^ M 

j = \ j = l j = l \ / / 



Here we have used the following fact (see, for example, [7]). 
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Lemma 2.3. Let E be a complex n- dimensional bundle over a differentiable mani- 
fold X, and let c{E) = 1 + ci{E) H h Cn{E) = (1 + xi) {1 + Xn) be the 

formal factorization of the total Chern class. We define 



AtE := ^(A'=£;)^^ StE := 



fe=0 k^O 

Then 



n n ^ 



i=i i=i 



In particular, if we consider the complexes {A°'*}, = X]p=o(~-'^)^-^^'*}' 

= Xlp=o^^'*}' ^® ^^^^ their indexes are respectively td[M] = ind(A°'*), 
e[M] = ind(^), and L[M] = ind(L). 

Now we construct an elliptic complex whose index, under some additional as- 
sumptions, equals the A-genus of the manifold M. Suppose that ci(M) = 
mod 2. (This is equivalent to the condition W2{M) = 0, and hence to the exis- 
tence of a spinor structure on M.) Then there is a line bundle C over M such that 
£®£ = A"T*M, that is, for c(M) = (1+xi) . . . (l+Xn) we have c(£) = 
and ch(£) = exp (- '^^+'^'+^" ). We introduce the complex {Ai = A°'* (g) £}. 

Theorem 2.4. T/ie mdex of the above elliptic complex A equals the A-genus of M: 

[M]. 



ind(^) = A[M] = f n ^ 
^ i=i 



Xj 



sinh(a;j/2) 



Proof. We again use formulae (3) and (4): 

md(^) = (^ch(£)ch(f:(-i)'A°-') n ( i 1 )) m 

- (- (-^^^) ch(|:(-l)-A.TM) n (t^T^)) [Ml 

(n n / 1 \ \ 

n e--/^ n(i - n (i^i^j m 



Thus we have constructed elliptic complexes associated to the tangent bundle 
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§ 3. The problem of calculating Hirzebruch genera for manifolds 
with z/p- action in terms of invariants of the action 

Let ^ be a transversal endomorphism (that is, g has only finitely many fixed 
points) acting on a manifold M^" such that = 1 for some prime p. (Hence an 
action of Z/p is given.) Let Vi, . . . ,Vq be the fixed points, and the Jacobi matrix 
J-p. (g) of the map g at the point Vj (j = 1, . . . , g) has eigenvalues 

A(^)=exp(^^^^^, 4^V0 modp, k=l,...,n. 

Suppose also that there is given an elliptic complex E on the manifold M. Let 
us give the following definition, which is taken from [1]. 

Definition 3.1. A lifting of g to the components of the elliptic complex E \s a, set 
of linear differential operators (/^^ : V[g*Ei) — > T[Ei). Here g*Ei is the puUback of 
the bundle Ei under the map g, and T{Ei) denotes the linear space of sections of 
the bundle E^. 

Using one can define the "geometric" endomorphisms Ti{g,(p): r{Ei) —>■ 
T{Ei) to be the composite of (p and Tg, Ti{g,(p) = (p^ o Tg, where r^: T{Ei) — > 
V{g*Ei) is the natural map from the sections of the bundle Ei into the sections of 
the puUback g*Ei. Under these assumptions we have the following general Atiyah- 
Bott-Lefschetz theorem (see [1]). 

Theorem 3.2. Suppose that g: M M is a transversal endomorphism of 
a compact oriented manifold M. Let E he an elliptic complex on M and let 
ipi'. V{g*Ei) ^{Ei) be a lifting of g to the components of the complex E such 
that the corresponding "geometric" endomorphisms Ti{g,cp): T{Ei) — > T{Ei) define 
an endomorphism T[g, ip) of the complex E [that is, the Ti commute with the dif- 
ferentials di). Then the "equivariant index" md{g,E) := X^"^i(— 1)* tr T^* (where 
T* : W[E) — > W[E) ) is given by the formula 

q 

md{g,E) = J2<^i'Pj), (5) 

i=i 

where (7{Vj) G C depends only on local properties ofT and pi at the point Vj. 

In particular, if the operator (fii induces an endomorphism (fii{Vj) : Ei^-p. —>■ Ei^-p. 
at each fixed point Vj , then 

Example 3.1. If Ei = A*(M) is the de Rham complex, then (pi{Vj) = K^J-p.{g). 
Example 3.2. If E^ = AP''(M) is the Dolbeault complex, then 



^i{Vj) = k^J^^{g)^k'f^,.{g), 
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Let US find cr{Vj) for the Dolbeault complex A^'*. Since |det(l — J'-pj{g))\ 
det(l — J-^.{g)) det(l — j'-p.{g)), we deduce from (6) that 



det(l- J^.(^))det(l- 

tT{APJ^^ (g)) det(l - j' (g)) tvA^J' (g) 



det(l - j;,^{g)) det(l - j'T,^{g)) det(l - J^^{g)) ' 
Here we have used the foUowing weU-known identity from linear algebra: 

det(l-y4) = ^(-l)^trAM (7) 

i 

for any linear operator A. Thus, 

Theorem 3.2 and formula (8) enable us to find the fixed point contribution func- 
tions cr{Vj) for the complexes A*^'*, L, X^. These complexes calculate respectively 
the Todd genus, the Euler number, the L-genus and the Xy-genus of the manifold M. 

§ 4. Calculations for the Todd genus, 

EULER number AND THE L-GENUS 

4.1. Calculations for the Euler number. Let us consider the complex Si = 
Ep=o(-l)^AP'\ for which md{S) = e(M). In this case 

n 
p=0 

and the fixed point contribution functions are as follows (see (8)): 

Here we have used formula (7). From this and theorem 3.2 we deduce that 

q 

ind(t/,£) = ^cTe(Pj) = q. 

Since ^ Ezez/p ^'^'^(S'^ ^) = ■s is the alternating sum of dimensions of the invari- 
ant subspaces for the action of g on the cohomology of the complex and since 
ind(l,f) = ind(f) = e(M), we have 

p-i 

ind(l, £:) = e(M) = - ^ ind(5r', S) ^ ps = ps - q{p - I) = p{s - q). 

1=1 

Therefore, we obtain the following formula for the Euler number: 

e(M) = q (mod p). (10) 
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4.2. Calculations for the Todd genus. The calculation of the Todd genus of a 
stably complex manifold in terms of the Z/p-action was carried out by Buchstaber 
and Novikov in [5] . To make our exposition complete, we give their results here. 

Definition 4.1. The Atiyah-Bott function ABt^{xi, . . . , Xn) of a given fixed point 
is the following function of the set of weights xi, . . . , Xn, xi e Z/p: 

AB,^{X,, • • • , ^n) = - IV (| n ^_^L,/p ] ' (11) 

where Tr: Q(C) ^ Q is the number-theoretical trace, C, := e^'^*/^. 
It was shown in [5] that 
q 

J]^Std(4^\...,x(f))=td(M) modp, (12) 

The number-theoretical trace in the definition of Atiyah-Bott functions for the 
Todd genus was also calculated in [5] : 



AB^^{xx,...,Xr,) = -L ..^ 11 rw / modp. 



ixk I n 



n I n > 

AB,a{xu...,x^)= Y^/J^YIt^) mod p. 



(13) 



Here [u])^ is the qth power in the formal group law corresponding to the Todd genus 
(see formula (2t)), and (hiu)) ^ is the coefficient of in the power series h{u). 

4.3. Calculations for the L-genus. Now let us consider the elliptic complex 
L = J2p=o A^'*- Its index is the L-genus: ind(L) = L{M). In this case, the lifting 
of g to the components of the complex L has the following form: 

n 
p=0 

and the fixed point contribution functions are (see formula (8)) 

det(l- J^.,(j)) Ij^l-e^'^i"'"' 

Here we have again used formula (7). Hnece it follows from theorem 3.2 that the 
equivariant index is 



CALCULATION OF HIRZEBRUCH GENERA FOR MANIFOLDS 



11 



As before, ^ J^iez/p^^^id^-i-^) = ^ is the alternating sum of the dimensions of the 
invariant subspaces for the action of g on the cohomology of the complex L, and 
we have ind(l,L) = ind(L) = L{M). Hence 

L{M) = ind(l, L) = -Y^ ind(,', L) + ps = - Y^J^ U , \J.u, + 

1=1 3=1 1=1 k=i 1 - e 

Again, we consider the number-theoretical trace Tr: Q(C) — Q and introduce the 
Atiyah-Bott functions ABl{xi, . . . , Xn) as 

Then we have 

=L(M) mod p. (16) 

i=i 

Relations (15) and (16) are analogous to relations (11), (12) for the Todd genus. It 
remains to calculate the number-theoretical trace in the definition of the Atiyah- 
Bott functions ABl{x\, . . . ,a;„). 

We set ^ = Then C = e^'^^/f = 1^. We must calculate Tr (^nLi T^) • 

We shall carry out our calculations in the p-adic extension Qp(C) of the field Q(C)- 
Let us write A ~ S if A and B are equal modulo pZp C Qp. First of all, we prove 
the following statement. 

Lemma 4.2. Tr(^'=) ~ for any k > 1. 

Proof. Since 2 = + 1 = (C + 1)(C^~^ - C^~^ + C^~^ C + 1), we have 

^ {I - Pie-' - + C + 1) ^ ^p-i _ ^ ^_ 

Therefore, 

p-i 

Tre''=J2 ((0^~^ - (0^~^ + C'")'' - 

m=l 

because 

p—i p— 1 

E ((c"^)''"' - (c"^)''"' + • • • - c"^)' = E ((c"^)""' - (c"^)""' + • • • - 

m=l m=0 

and because J2^2oiC^Y — for any r. The lemma is proved. 
We further deduce that 
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where the G Zp are p-adic integers (since l/a;^ G Zp). Therefore, we can write 

^UE^^^' -^LrE^^^' =E(^'^'i^(^'""))- 

^ k=0 ^ ^ fe=0 ^ fe=0 



Set Tr 6* ^ = Bg and introduce two formal power series A{u) = X^fcLo ^kU^j ^{'^) — 
E^o^fcw''- It foUows from (2^) that A{u) = HLi R^- Therefore, we must 
calculate the coefficient of u'^ in the series A{u)B{u). We have 



9 — uJ \ — uJ \d — u 

Observe that if is the minimal polynomial for an element a with respect 

to the extension Qp(C) | Qp, then TV ^ = Since 

n_e-l_ (^)"~^ 

_ ((1 - - (1 + ^)p)(i + 6*) _ 1 (i + e)p-{i- ey 



{l + e)p{-29) (l + 6')p-i 26 

we deduce that <^6»('i*) = ^^"'""''^2^^^""''^ minimal polynomial for 6 = 

Hence, 

e-u (peiu) (1 + u)P - (1 - u)P u 

^ ' \9-uJ {1 + u)P - {1 - u)P 



Xk I n 



We deduce that 



/ X / + - (i-w)p-i A « \ 

ABL[xi,...,Xn) = -{p^— — -j ^^llrTr/ mod p. 

\ (1 + U)P - (1 - W)P 

This formula is analogous to the first formula in (13). Further, 

+ u)P-^ - {\ - u)P-^ _^ {1 - u){l + uY - {1 + u){\ - uY 



(1 + u)P - (1 - u)P ^ (1 _ ^x) (1 + u) ((1 + uY - (1 - 
(1 + uY - (1 - - m((1 + uY + (1 - ) 



{i-u^){{i + uY - {i-uY) 

p pu p pu 



1-v? 



^ ) {l+u)P+{l-u)P ^ ^P 
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From this we obtain 



ABAxu ...,Xn) = -{ P—, 7 i IT FT^ 



n 



p-U -p-r W ,^ 2 4 N \ 



whence 



n/2] , n 



j^O \ I- fc=l ^ "•-2« 



At the same time, [u]^ = (]^^^jfc_|_(i_^]fc = tanh(A; arctanhw), and the se- 
ries arctanhtt (as well as tanhtt) contains only odd powers of u. Therefore, the 
series 11^=1 TTW' contains only even powers of u. Thus we can finally write 

the formulae for the Atiyah~Bott functions for the L-genus which are analogous to 
formulae (13) for the Todd genus: 



/ ^ / (I + U)P-^ - (1 - U)P-^ ^ U \ 

\ (1 + U)P - (1 - U)P Al [u]L^ I ^ 



(17) 



m=0 \ L k=l ^^^k I m 

By (16), we see that 

q n I n \ 



wnere [u\p - • 

Remark. Relations similar to (12), (16) could also be obtained for the Euler number. 
In this case, the Atiyah-Bott functions are 

ASe(xi,...,a;„) = -IY(^f]i^^ ^ _'n-(l) = -(p-1) = 1 mod p. 



Therefore, 



g = ^ AB^{x^^\ x^^^) = e(M) mod p. (19) 



This relation is analogous to relations (12) and (16) for the Todd genus and the L- 
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§ 5. General results on the calculation of 
hirzebruch genera via invariants of the z/p-action 

Here we consider another approach to calculating the equivariant index 
ind{g,E) = X^i^ol"-'^)* ^^(S'' -^*) elliptic complex E. This approach is taken 

from [3] (see also [7]). 

In what follows we adopt somewhat weaker assumptions about the action of an 
operator ^r, = 1, on a stably complex manifold M^"^. Namely, we remove the 
transversality condition. Let = E M \ gx — he the fixed point set, and let 
= UM^ be its decomposition into connected components. Then the equivariant 
index can be computed as the sum of the contributions a{M^) corresponding to the 
fixed point components (see [7]). These contributions are calculated as follows. 

Let Y = be one of the fixed point components of M^"^. For each point p eY, 
g acts linearly on the tangent space TpM. This tangent space decomposes into the 
direct sum of the eigenspaces Np^\ for eigenvalues A, |A| = 1. In this way we obtain 
the eigenbundle Nx over Y. The A^i is just the tangent bundle TY to Y. With 
d\ = TkNx, we therefore have: 



TM\y = ^Nx, ciNx) = Yl{l + x^), (20) 

A i=l 

that is, 

dx n 

c{TMy) = n 11(1 + x^) = n(i + Xi). 

A i=l i=l 

The recipe for calculating cr{Y) is as follows. Consider the index formula (3) in 
Theorem 2.1: 

- (^[f:yy oHE,)y^^ (21) 

and replace M by y and e^* by X~^e^^ (where Xi belongs to the eigenvalue A). 
Apply the same process to the terms ch(£'j). This can obviously be done if the E^ 
are associated to the tangent bundle of M. This "recipe" is taken from [7]. 

In the case of finite number of fixed points we have Y = pt, Cn{Y) = 1, 
and so we must replace X1X2 . . .Xn by 1, and e^^ by Xj^. Therefore, introducing 

the "weight" Xi by the formula Xj = exp ^— wc just have to replace Xj by 

— —Xj. (Here in the first ^ stands for the first Chern class of "virtual" line 

subbundle in TM corresponding to the eigenvalue Xj, while in the second case Xj 
is the "weight" of the fixed point and is defined only modulo p.) 

Example 5.1. Let us consider the Xy-genus of a manifold M. Applying our recipe 
to the formula from Theorem 2.2, we obtain the following formula for the contri- 
bution of each fixed point V: 

"(f) = n ■ (22) 
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Putting y — —1, 0, 1, we obtain the formulae for the contribution function for the 
Euler number, the Todd genus and the L-genus: 

-A- 1 -A- 1 + ^'^'^^^I'p 

<ye{V) = 1, atci(P) = n i_,2..../p ^ ^^(^) = n i_e2.Wp - 

fc=l fc=l 

These formulae coincide with (9), (14) and the formula in [5], which were deduced 
from the Atiyah-Bott theorem 3.2. 

Now consider the general case of an arbitrary Hirzebruch genus (p: 



where gip{u) = f~^{u) is the logarithm of the corresponding formal group law. 
Suppose that there is an elliptic complex E^^ associated to TM whose index equals 
(^(M). Applying the above recipe, we see that the contribution functions of the 
fixed points for the action of ^ on M are given by the formula 

n 

Here the Xk are the "weights" of the fixed point V. They are determined by the 

formula = exp ^ ^^^^^ j , Xfc 7^ mod p, where the are the eigenvalues of the 

Jacobi matrix J-p{g) of the map g at the point V. The equivariant index of E^p is 
then determined by the formula 

q n ^ 

§M /<p(-27ri4-'Vp) 

Further, i Xlzez/p ^^^(^'' -^v) = is the alternating sum of the dimensions of the 
equivariant subspaces for the action of g on the cohomology of E^p, and ind(l, E^p) = 
ind(E^) = <p{M). Therefore, 

p— 1 q p— 1 n ^ 

^(M) = ind(l, E^) = -Y, ind(^', + P« = - E E H T7 mTTT + P'' 

1=1 i=i 1=1 k=i U[-'2mxi n/p) 

Consider the number-theoretical trace Tr: Qp(C) Qp, where Q :— exp Then 

p— 1 n I n I 

YW t = ivTT - 

Thus, we obtain the following result. 

Theorem 5.1. Suppose that there is an elliptic complex of bundles associated to 
TM whose index is equal to the Hirzebruch genus <f{M) of the manifold M. Let g 
be a holomorphic transversal endomorphism acting on M such that g^ = 1. Then 
we have the following formula for (f{M): 

q n ^ 

j=l k=lf'p[-^T^^^k IP) 
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Definition 5.2. The Atiyah-Bott fixed point function AB^{xi, . . . , x„) correspond- 
ing to the genus (f is defined to be the following function of the set of weights 
xi, . ..,Xn, Xi e Z/p: 

n ^ 

AB^{xi,...,Xn) = -TTl[—^———^. 

fe=l U[-^T^^Xk/p) 

Then we immediately get 

J2AB^{x['\...,xI^^) =^{M) mod p. (24) 

Now we set 9 = /<^(— 27ri/p). Then —27ri/p = gip{9), and fip{—2'ni/pxk) = 
fip{^kgtp{9)) = [0\^^. Hence the following statement holds: 

Proposition 5.3. The Atiyah-Bott fixed point function AB^p{xl, . . . , x^) corre- 
sponding to the genus ip can be computed as 




Lemma 5.4. For any k>0 we have Tr^'^ ~ (that is, TrO'' e pZp). 

Proof Let = f^ {^-^^ = Co + CiC + ■ ■ ■ + C^.^C"-^ e Qp(C), e Z^. 

Then Co + CiC + CaC^"" + ■ ■ ■ + Cp-iC^^"^^"" = (-^™)- In particular, 
Co + Ci + • • • + Cp_i = 0. Therefore, 

m=l \ P / 
p-1 

= J] (Co + Cir + C2C'"^ + • • • + Cp_^C^P-'^^) ~ 0, 

m=0 

since Yl^=o — ^ ^^y r. The lemma is proved. 

Example 5.2. For the Todd genus, 6 ^ ftd(^-^^ = 1 - e^'^'/P = 1 - C (see 
formula (2td))- Hence, Cq = 1, Ci = —1, Cj = for z > 1. 

Example 5.3. For the L-genus, 9 = h (-^) = f^fS^ = TT§ = C^~' -C^"' + 
^ (^ggg Lemma 4.2). Hence, Co = 0, C2i+i = -1, C2i = 1 for z > 1. 

§ 6. Calculations for the A-genus and the Xj/-genus 
6.1. Calculations for the ^-genus. We consider the ^-genus 
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for a stably complex manifold M such that ci(M) = mod 2. In Theorem 2.4, we 
gave an elliptic complex whose index is A{M). The Atiyah-Bott functions for the 
^-genus are as follows (see Definition 5.2): 



AB^{xi,...,Xn) = -T^[ll 



Ml-exp(^)j- ^Kth-C-h^''^ 



J2 AB^{x['\ xl^^) = A{M) mod p. (26) 



Now we have to calculate the number-theoretical trace in the definition of the 
Atiyah-Bott functions AB^{xi, . . . , Xn)- By Proposition 5.3, = -[gp-, where 



u 



A 



2 sinh (m arcsinh (-f)) is the mth power in the formal group law correspond- 
ing to the A-genus (see formula (2^)), and 6 = 2 sinh = —2 sinh = 

g-TTi/p _ gTTi/p ^ ^-1/2 _ ^1/2 ^ ^{p+l)/2 _ ^(p-l)/2_ 

We claim that the minimal polynomial for the element $ = —2 sinh is 



^ ^ 2 sinh (p arcsinh ( tt) ) 

(peiu) = ^ 

u 



Indeed, 



2 sinh (p arcsinh (^-2 sinh (^) ) ) -2 sinh (^p • 



and ipg{u) is a polynomial of degree p — 1 with leading term ^. For instance, for 
p = 3 we get (fieiu) = tt^ -I- 3, for p = 5 we get ^pe{u) = + 5u^ + 5, and so on. 

Further, we have 



1 9 2 °° .1 
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where A{u) := 11^=1 'J^^ ~ I^i^o^*'"*' ^ p-adic integers. It follows 

from lemma 5.4 that Tr(6''=) ~ for any k > 0. (Here 9 = C^^^^^^^ - C^^"^^/^-) So 
the required trace is 

^k=l ^ ^ ^ i=o ^ ^ i=0 ^ 

n 



i=0 



where := Tr^"*, B{u) := T^Zo^i'^'- before, = (p- 1) + 'uTr (^^), 
^ (^) - Therefore, 



2 sinh (p arcsinh ( ^ ) ) 

(P0{U) = 



u 



p cosh (/) arcsinh (|-)) 2 sinli (/) arcsinh (^)) 



ip'g{u) p cosh (p arcsinh (l)) 1 

(pe{u) 2 ^^^^ arcsinh (|- ) ) tt ' 



<^6»(i*) iJ^^L. sinh (p arcsinh (|]] 

psinh ((p — 1) arcsinh (■!)) psinh ((p — 1) arcsinh 



cosh (arcsinh (f )) sinh (p arcsinh (f )) + ^ sinh (parcsinh (f )) 



Here we have used the following formulae: cosh(arcsinh(?i/2)) = ^\ + v? /A and 
sinh(a; — y) = sinh a; cosh y — sinh y cosh x. We further deduce that 

^ psinh ((p — 1) arcsinh (^)) 



cosh (arcsinh (f )) sinh (parcsinh (f )) 

2psinh ((p — 1) arcsinh (^)) 
sinh ((p — 1) arcsinh (^)) + sinh ((p + 1) arcsinh (|-)) 

Here [u]^ = 2 sinh(m arcsinh(t(,/2)) , and we have used the formula 2coshxsinhy = 
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functions AB^{xi, . . . , Xn) = - Tr ^ 11^=1 ^r^) ^he A-g< 



:enus: 



^1 + ^ sinh (parcsinh (|)) k=i M4 



\ Mp-l + Mp+l fe^i / n 

Then the ^-genus itself is calculated as A{M) = Z)|=i '^B^{x[^\. . . , x^^). 
6.2. Calculations for the Xy-genus. Let us consider the Xy-genus 



of a manifold M. An elliptic complex whose index is Xy{M) is given by Theorem 2.2. 
The Atiyah-Bott functions for the Xy(M)-genus are as follows (see Definition 5.2): 

/ n i + ^exp(2^ 
AB^^{xi,...,Xn) = -Tr H ^ 



k=l J- - \ 



1 1 - exp 

c 



^A5^^(xi^\...,a;(f))=X,(M) mod p. (29) 

These formulae could be also deduced from the Atiyah-Bott theorem 3.2 as was 
done for the L-genus in § 4.3. 

We shall now calculate the number-theoretical trace in the definition of the 
Atiyah-Bott functions AB^ ix\, . . . ,Xn)- By Proposition 5.3, ^^^^^^ = tttot, 

where [u]^ = (i+yu)"^ +y{i-u) i^^^ V "^^^ power in the formal group 

law corresponding to the Xj/-genus (see formula (2,^^)) and 



= f: 



Xy 



27rA i-e^Wp 1-^ 



p J l + ye^Wp l + yC 



Then ( = j^p^- In what follows we assume that y e Zp and y —1 mod p. 
The case y = —1 mod p corresponds to the Euler number which has already been 
considered above. Note that for j/ = 0, 1 we get 9 = l — ( and d = respectively. 
This coincides with the corresponding values for the Todd genus and the L-genus 
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It is easy to see that the minimal polynomial for the element 9 = 



{l + yuY-{l-uY 

'Pew = 7TT~\ • 

{l + y)u 

Indeed, 



= 



p 

1 



c-1 (1+2/^) 



Hence (pe{0) — 0, and (pe{u) is a polynomial of degree p—1 with leading term ^. 
Further, we have 



fe=l L J^fc i=0 

where A{u) := nfc=i TT^ ^ Zli^o ^^^^ '^^^'^ ^« ^ being p-adic integers. It 
follows from Lemma 5.4 that Tr(^'^) ~ for any k > 0. 

Remark. The presentation of ^ as ^ = Co + CiC H h Cp_iC^~^, Ci e Zp, which 

is used in the proof of Lemma 5.4, is obtained as follows. Since 

1 + = 1 + {ycr = (1 + yO{iyCr~' - {yCY~^ + {yCY~^ yC + 1), 

we have 

1 - C (1-0 {{yCY-^ - {yCY-^ + {yCY'^ K + 1) i 



e 



l + yC l + yP l + yP 

X {{y^-^ + y^-^)e~^ - {y"-^ + y^-^)^-^ + • • • - (y + l)C + l - y^'') ■ 



Since yP + l = ?/+ly^O mod p, we obtain Ci = e Zp (z > 0), 

^0 — IJ^yV 



So, the number-theoretical trace we are interested in is 

k=l / \ / 
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where Bs := TrO'^ B{u) := ^Zo^iu'. As before, B{u) = (p- 1) + uTr 
Tr (^e^^ ~ — ■ Hence, the foUowing formulae hold: 



{l + y)u 

py{l + yu)P-^ + p{l - u)P-'^ _ (1 + - (1 - u)P 
il + y)u (l + yW 



cpeiu) ^ {1 + yu)P - {1 - u)P u 
S(«) = (p-l)-«^ 

y(\ + yu)P-^ + (1 - u)P-^ (1 + yu)P-^ - (1 - w)^"^ 

= V — up ^ r r = P ; r r . 

{I + yu)P - {I - u)P {I + yu)P - {I - u)P 

Therefore, 

{l+yu)P-^ -{l-u)P-^ TT " \ 
V {l + yu)p-{l-u)p l}^[u]ll/^ 

We deduce that 

^ (l + yu)P-^ - (I - u)P-^ ^ (l-u){l + yu)P - (1 + yu){l - u)p 

V/ ^ /-I I \n /-I -A-n ^ 



(1 + yu)P -{l-u)P (1 - (1 + yw) ((1 + yu)P - (1 - 'fx)^') 

p pu 



1 



[u]l' {l-u){l+yu)' 



m=0 

p-U i T-r U 



Xy _ 

n 



We finally obtain the following formulae for the Atiyah-Bott functions ^-Bxy • • • 
• • • , a^n) = - Tr ( nLi \ -f C ) Xj/-genus (y ^ -1 mod p): 

AB,^ix^,...,Xr.)- {p l\ [u]^4 / n 

" (30) 



n 

U 
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Here [u]m — (i+yu)^ +yli^u) ^ mth power in the formal group law corre- 

sponding to the Xy-genus. The Xy-genus itself is the calculated as follows: 

x,(M)^^Ai?^^(4^\...,4^)) 

j = l m=0 \ fc=l L^Jo;"^ ' 

Formulae (13), (17) for the Todd genus and the L-genus are obtained from this 
formula by substituting y = and y = 1 respectively. 

§ 7. The Conner-Floyd equations and the calculation of 
hirzebruch genera in terms of invariants of the action 

Here we consider the connection of the results in § 5 with the so-called Conner- 
Floyd equations, which were introduced by Novikov in [12], [13]. (Similar rela- 
tions were also obtained in [8], [11].) Namely, it was shown there that the sets 
x^\...TXn\ x^^^ G Z/p are the sets of weights for some action of Z/p on a 
manifold M^" if and only if they satisfy the following Conner-Floyd equations: 

Here [tt]^ is the mth power in the universal formal group law of geometric cobor- 
disms (cf. [4], [12]). Applying a Hirzebruch genus (p: Q,u — > A, we obtain the 
Conner-Floyd equations corresponding to ip: 

E(SnT^) m = 0,...,n-l, (32) 

where [u]f^ is the mth power in the formal group law corresponding to the genus (p. 

The following formula for the Todd genus was deduced from cobordism theory 
in [5]: 

q I n 



*d(M)^E GS^nO^^ • (33) 



Furthermore, it was shown there that formula (33) is exactly the difference between 
the formula 

q / n- ^ q n , n 



j=l ^ fe=l 1 - C*'"' ^ 3 = 1 m=0 \ k=l / rn 



deduced from the Atiyah-Bott theorem (see § 4.2) and the sum of the Conner-Floyd 
equations (32) for the Todd genus. (Here C = e^^^^/^, [u]^^ = 1 - (1 - m)^.) 

Below we generalize this result considering the case of an arbitrary genus p that 
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heorem 7.1. The difference between the formula of theorem 5.1, 

and the sum of the Conner-Floyd equations (32) for the genus (f with some p-adic 
integer coefficients gives the following formula for the genus (p: 



Proof. We have 



n ^ 
k^l ^ ^ 



i=0 



where A{u) :— Y[k=i m'^ ~ Yli^o ^i'^^N ^ p-adic integers. Therefore, 



071^" \Qr 

i=0 ^ ^ i=0 



i=0 



U] 

Xk I n 



where Bs := Tr := J^Zo 

Now we introduce a power series h{u) as foUows: 



h{u) = p 



(34) 



Then /i(tt) is a series with p-adic integer coefficients beginning with 1. Indeed, 



S(w)[mJj 



.=0 



u=0 



p-1 



since S(0) = = Tr6'0 = p - 1, [«]^ = + . . . . It follows from (34) that 



B{u) 



p pu 1 



h{u) [u]p h{u) 



Hence, 
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where the Hi are the coefficients of the series j^^- Thus, 



u 



ML 



n \ n—1 I n 



Q / n \ n—1 / 9 / 



J. — ^j. — u,;- — u 

"('^^j = ^ — r- = 1 - « 



,•=1 \ / n m=0 " V j=l \ 

This proves the theorem. 

Example 7.1. Consider the Todd genus td(M). Then [-uj^'^ = 1-{1-u)p, B{u) = 

P^T=XTr§7^ (see §4.2). Therefore, 

1- (l-ti)P-tt 
l-{l-u) 

(see formula (34)). 

Example 7.2. Consider the L-genus L{M). Then 

,^o^ur-o^ur (i+^)^-^-(i-^r^ 
^ (i+«)p + (i-ti)p' ^ (i+^x)^'-(i-ti)p 

(see §4.3). Therefore, 

(i+u)P-(i-»F „ 

{l+u)P + {l-u)P 
{1 + u)P - {1 - U)P - U{1 + U)P - U{1 - U)P ,^ 

(1 + 'u)P-i - (1 - zi)P-i ^ ^ 

which is in accordance with the calculations from § 4.2, 4.3. 

Example 7.3. Consider the ^-genus A{M). Then 



i4 ^ ■ f ^/N smh ((p - 1) arcsmh (^)) 

lujl; = 2smh parcsmh — , B{u) — p ^ — ^vw ? 

^ V 2 / cosh I arcsinh I ^ 11 sinh I n arcsinl 



2 / ' cosh (arcsinh ( ^ ) ) sinh arcsinh (|- ) ) 

(see §6.1). Therefore, 

(2 sinh (arcsinh (^)) — tt) cosh (arcsinh (^)) 



/i(w) 



2 sinh ((p — 1) arcsinh (|-)) 
(sinh (arcsinh (f )) — sinh (arcsinh (f ))) cosh (arcsinh (^)) 

sinh ((p — 1) arcsinh (^)) 
2 sinh (2=i arcsinh (|)) cosh (2±1 arcsinh (|)) cosh (arcsinh (|)) 

2 sinh (2^ arcsinh (f )) cosh arcsinh (f )) 
cosh (2|^ arcsinh (|)) cosh (arcsinh (|)) 

cosh (2^ arcsinh (^)) 
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§ 8. The elliptic genus for manifolds with Z/p- action 

Let M^"^ be a 2n-dimensional real orientable manifold with a complex structure 
in its stable tangent bundle. 



IS 



Definition 8.1 (see [7]). A Hirzebruch genus (/^(M^") = (nLi/^t^^" 
called the elliptic genus if / satisfies one of the following equivalent conditions: 

1) f^ = l-25f + ef\ /(0) = 0; 

2) J-{u + v) = . 

Let us consider the lattice L = 27ri(Zr + Z) in C, with Imr > 0, and put 
L' = L\{0}. The Weierstrafi p-function is p{z) = + Ea;€L' ( {z-u>y^ ~ 
satisfies the following differential equation: 

p'{zf = 4:p{zf - g2p{z) -gs = 4:{p{z) - d) {p{z) - 62) {piz) - 63), 

where ei = p(7ri), 62 = p{'n:iT), 63 = p(7Ti{T+l)) are the zeros of the derivative p'. 
The function f{z) = \ j\J p{z) — e\ (that is, f{z) = sn(2;), the elliptic sine) satisfies 
the conditions of Definition 8.1 for 5 = — fei, e — {ei — 62) (ei — 63) (see [7]). 
Thus it gives rise to the elliptic genus. However, e — {ei — 62) (ei — 63) 7^ and 
5'^ — e = \{e2 — 63)^ 7^ 0, since ei, 62, 63 are all different. The degenerate cases 
ei = 62 and ei = 63 (e = 0) correspond to the 4-genus. (Putting 5 = —1/8, we 
obtain f'^ = l + 1/^, that is, f{x) = 2sinh(a;/2).) The degenerate case 62 = 63 

{S'^ — e — 0) corresponds to the L-genus. (Putting 5 = s = 1, we obtain f'^ = 
(1 — /^)^, that is, f{x) = tanhx.) 

The differential equation defining the function f{x) for the elliptic genus implies 
that if we put dege = 4 and degS = 2, then the coefficient of x^'' in the series f{x) 
becomes a weighted homogeneous polynomial of degree 2k in S and e with coeffi- 
cients in the ring Z [|] . Therefore, the elliptic genus (^(M^") = HILi /g") ) [^^"] 
is a homogeneous polynomial of degree 2n in S and e. So ip can be regarded as a 
homomorphism from the complex cobordism ring Q,u to the ring Z [|] [S,s] (or to 
the ring Zp [5, e] , p>2). 

The function /(r, x) is an elliptic function for the sublattice L = 27rz(Z-2r + Z) C 
L of index 2. The divisor of this function is (0) + {ni ■ 2r) — (ni) — [ni{l + 2r)). 
We have the following decomposition of f{T,x) into an infinite product (see [7]): 

/(., = ff - "Mi' - "I'^'l'' + , = e-- (35) 

A:=l 

Now we consider the following object: 



S^.TcM ® (^Ag.TcM ) ^, (36) 
where Tc-M is the complexification of the tangent bundle to M, AfE 

S^oo r\kT7'\-i-k c 171 v^oo rokT7i\-i-k rrii r fol ;„ „ ; ;„ „ 
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coefficients are elliptic complexes associated to TM. Its index is a well-known 
power series in q, namely, the so-called twisted signature (see [7]): ind(L^^^) = 
sign (M, (g)^i SgkTcM ® (g)^^ A^kTcM). It follows from the Atiyah-Singer the- 
orem 2.1 and Lemma 2.3 that this index is 



'■-^(^'°')-(n(-.^n |;::::::ii;:::::::i ))iM-i. ^ 



It is clear from this formula that ind(L('^)) is a power series in q with integer coeffi- 
cients and with constant term (the coefficient of q^) L{M) = signM. Comparing 
this expression with (35) and taking into account that 



TT - = (38) 



(see [7]), we obtain 



(CO OO \ 

M, (g) 5,.TcM ® (g) A^.TcM (39) 
k=l k=l ' 



Suppose that an operator (7, = 1, acts on a manifold M^"^ with finitely 
many fixed points Vi, . . . ,Vr- According to the recipe from §5, the equi variant 
index ind(5r, L^'^^) of the complex L^'^^ equals the sum of the contribution functions 
crL(q){Vj) of the fixed points. These contributions are obtained from formula (37) 

by replacing M^"' by Vj, X1X2 . . . by 1 and Xk by —^x^j^^: 



(^lmCPj) = I I u) I I 7 (-JYT oTY 

kJi \ 1 - C^^ ti (1 - qK-'^n (1 - q'C" ) 



2TTi 

e p . 
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We note that ^ Xlzez/p L^'^^) — s{q) is a power series in q whose coefficient 

at q'' is the alternating sum of the dimensions of the invariant subspaces for the 
action of g on the cohomology of a certain complex. Namely, this complex is the 
coefficient of q^ in the series 

L^i) =L + 2L® TcMq + L ® (2TcM + TcM ® TcM + S^TcM + K^TcM)q^ + • • • , 

where L = Y^=q^^'^ ■ Therefore, s{q) is a series with integer coefficients. Further- 
more, ind(l, L('J)) = sign (M, 0^^^ S^^TcM ® A^.TcM). Hence, 



oo oo 



sign ( M, (g) 5gfcTcM ® (g) AgfcTcM 
fc=i fc=i 
p-i 



ind(l, L(«)) = - ^ ind(^', L(«)) + ps(g) 



1=1 



= -2.2.11 L .,.0) 1 It: — ,^_,.o)w, — 

j=i /=i fc=i \i - C i=i (^1 - q'C ^""^ j (^1 - j / 

The left-hand side of this relation belongs to the ring ZQg]] of power series with 
integer coefficients, while its right-hand side a 'priori belongs to an extension of 
Z[[g]] , namely, to the ring (C), = 1. We embed both rings in the p-adic 

extensions of the corresponding fields and consider the number-theoretical trace 
Tr: Qp{q}(C) Qp{?}, where %{q} = Qp[[q]][q~^] is the field of Laurent series 
in q with rational p-adic coefficients and Qp{g}(C) is the algebraic extension of 
QpIq} by the element C, = 1- Then 




\l - l\ (l - g^C-^"') (l - tC^') 



Thus the following proposition holds: 

Proposition 8.2. We have the following formula for the index of the complex L*^^) 
in (36); 

(oo oo 
M, (g) 5,.TcM ® (g) \,TcM 
k=l fe=l 
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Using relations (38) and (39), we thus obtain the following formula for the elliptic 
genus (p{M): 



3 = 1 \ k=\ 



1 - c4^'^ 



X 



n? OA? iA modpZ4[g]]. 




Taking into account the decomposition (35) of f{T,x) = snx, we rewrite this for- 
mula as 



r ^ n ^ 

^iM)^-^Tr H- ^— ^1 modpZ,[[q]], q = e 



However, (fi{M) is a homogeneous polynomial in d, e with coefficients in the ring 
Z[|] C Zp. So we want to obtain the expression for (f{M) in the ring Zp[5, e], 
not in the ring Zp[[q']]. (Zp[(5, e] is the subring of Zp[[q']].) As before, we put 

^ = / (^'-t")- Then / (r,-^) = [9],,, where [^]^ = f{mf-\d)) is the 
mth power in the formal group law corresponding to the elliptic genus. We note 
that 9 is an algebraic element over the field Q{5,e). Indeed, 



[^]p = /(t,-^)=/(t, -27rz) = 0, 



and [u]p is a rational function of u when p is odd. (For example, [u]3 = 
."t^'^"6~Q i 8 - This follows from the differential equation and the addition 
theorem for f{T,x) — snx.) The numerator of [u]p is a polynomial in u with co- 
efficients S, e, and ^ is a zero of this polynomial. Obviously, this polynomial is 
of degree in tt, and its zeros are the values of / at all p-di vision points of the 

lattice 27rz(Z ■ 2t + that is, they equal / (t, 27rz^^), k,l eZ. In particular, 

9, [9]2, . . . , [9]p = are among zeros. 

Finally, we have 

<^(M)^-;^lt(^n modpZ^M], 9 = f(^r,-^y (41) 

where both right- and left-hand sides are polynomials in 5, e. 

Lemma 8.3. Let P{S, e) be a homogeneous polynomial in S, e such that P{S, e) = 
mod p'Zp[[q]\ . Then P{S,s) = modpZp[5, e], that is, all coefficients of P{S,e) 
belong to pZp. 

Proof. The functions 5, e are modular forms of weights 2 and 4 respectively on 
the subgroup ro(2) C SL2(Z), ro(2) := 1^ e SL2(Z) A=(l *\ (mod 2)1. 
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They have the following Fourier expansions near infinity (that is, for small q = 

n—l d\n 

d=l mod 2 

= ^ + 6(g + + V + g4 ^ 6g^ + 4g6 + • • • ), 
£ = (ei - 62) (ei - 63) 

1 °° 1 

n=l d\n 

Furthermore, 5(0) = -|, £(0) = 0, 6 {^) = 0, e (i±^) ^ (see [7]). 

The proof is by induction on the degree degP = 2n of the polynomial P. If 
degP(5, e) = 2, then P{d,s) — bd. Hence, b G p'^p, because d ^ pZp. Now assume 
that the lemma holds for all polynomials of degree < 2k and let deg P{6, e) = 2k. 
Write P{S,e) = ae^l'^ + Q{8,e)e8 + bb^ , where deg (5(5, e) < 2k, and therefore 
(5(5, e) = modpZp[5, £]. Evaluation of -P(5, e) at the point r = ^ shows that 

as (^)'^^^ is divisible by p, whence a is divisible by p. Evaluation of -P(5, e) at 

T = shows that (— l)'^ 6 is divisible by p, whence 6 is divisible by p. Thus all the 
coefficients of P(5, e) belong to pljp. The lemma is proved. 

From this lemma and (41) we obtain the following theorem. 

Theorem 8.4. Let g be a transversal endomorphism acting on M^"' such that 
gP _ I Then we have the following formula for the elliptic genus (^(M^"): 



rr 



modpZp[5,£], (42) 



where Tr in the right-hand side denotes the number-theoretical trace Qp{S,e){() — >• 
Qp{d,s). 

All constructions in § 5 and § 7 (in particular. Lemma 5.4 and Theorem 7.1) can 
be repeated for the elliptic genus (we just replace the ring Zp by Zp[d,e] in all 
formulae). Thus, the difference between formula (42) and a certain weighted sum 
of the following Conner-Floyd equations for the elliptic genus: 

n 

PU -p-r U 



^\t^Wt--\ ) =0 modpZp[5,£], m = 0, ...,n-l, 

i=l \ k=l L^J^L^'^ / rn 

gives the following formula for the elliptic genus: 



^(M^-)^^(^nuf-) modpZ,[5,.]. (43) 
In the last two formulae, [u]ra denotes the mth power in the formal group law 
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To give an example, we apply the formulae for the elliptic genus to a particular 
action of the group Z/p. Namely, we consider the action of Z/p on CP'^ such 
that the generator g acts in homogeneous coordinates as (^o : -^i : • • • : Zn) 

{XqZq : XiZi : ■ ■ ■ : A^^n), K = e~^\ If yo, . . . ^y^ are distinct as residues modp, 
which implies that n < then this action has only finitely many fixed points on 

CP"^. Namely, the fixed points are Vj = ^0, . . . , 1, . . . , 0^ , j = 0, ...,n. In 
the local coordinates (^,^,...,^,...,^) near Vj, the operator g acts linearly: 
f- = exp (^^{Vi - Vjij f:- Therefore, the eigenvalues of the map g at 

the point Vj are exp (^^{Vi — yj)^, ^ 7^ J; ^ind the corresponding weights are 

x] = yi-yj. 

Now we consider the elliptic genus (p. It is well known that 

'^^'^^ ^ ~ (vi-2(5«2+l^)^" ^^^^ 

Indeed, it follows from formula (1), that ip{CP'^) = ((/^(w))^, where g^{u) = 
f~^{u) is the logarithm of the corresponding formal group law. But g'^{u) = 
^^=5^^, since {fr = l-25f + ef. 

At the same time, it follows from (43) that 

^(CP-)^X:(^ny^) modpZ,[<J,e]. 
Hence for any set yo) J/ij • • • j J/n of distinct residues modulo p, where n < p,v7e have 



The function (1 — 25u + u^) is the generating function for the Legendre poly- 
nomials P„(5), that is, = 1 + En>o ^n((^)w"- Hence, 



Vl-25«2+,„4 



with k"^ = e. Therefore, 



2m , . . X (45) 

In the simplest case 2m = n = p—1, the set yo—yj, yi —yj, ■ • • , l/j — l/j, ■ • • , yp-i—yj 
forms the complete set 1, 2, ... ,p — 1 of non-zero residues modulo p (since the yi 
are distinct). Hence, all the summands in the left-hand side of the last formula 
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are equal, and we obtain 



u[u]2[u]z ■ ■ ■ \Vl - 25u'^ + eu^ / 

= k^PE^(J^^ modpZp[S,e]. (46) 

This formula could be also deduced from the well-known relation 

[u]p = -P(p_i)/2(5)m^ H mod pZp[S] 

(see [10]). Here we put A; = 1 for simplicity, and the dots stand for the higher order 
terms. Indeed, we could rewrite the above relation as 

[u]p = pu{l + biU+--- + bp-iuP-^) + P^p_iy2{S)uP + • • • , 

with 6i, . . . , e Z[5]. Hence, 



U[u]2 ■ ■ ■ [u]p-i[u]p 

p 



p-1 
2 



(2u + •••)••• ((P - l)w + ••• ) 



u 



X 



{pu{l + biu + --- + hp-iuP-^) + P(p_i)/2(5)wP + • • • ) 

_J \ 

(p - 1)! p(l + ci« + • • • + Cp_iwP-i) + P(p_i)/2(5)wP-i + • • • / 



p 



(p - 1)! \ 1 + CiW + • • • + Cp_2WP-2 + (Cp_i + P^p_iy2{5)/p)uP-^ 



p-1 



where Ci, . . . , Cp_i belong to Z[5]. Calculating the latter expression modulo we 
get 

since (p — 1)! = —1 mod as required. 

§9. Generalization to Z/^-actions having 
fixed submanifolds with trivial normal bundle 

Suppose that an operator g, gP = 1, acts on a stably complex manifold M^"^. 
Let the fixed point set be written as the union of connected fixed submanifolds: 
— [j^ M^. Also suppose that all the have trivial normal bundle in M. 

Let be a Hirzebruch genus that can be calculated as the index of an elliptic 
complex of bundles associated to the tangent bundle TM. To avoid misunder- 
standing, we shall denote the first Chern classes of the "virtual" line subbundles of 
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Let Y = M| be one of the fixed submanifolds for the action of g. According to 
formulae (20) from § 5, we have: 



TM\y = N,^ , c{N,^) = n (l + ^'^■^) , 

j i=l 

c(TM^)=nn(i+-^')=n(i+ 



j i=l 1=1 



where Nxj is the subbundle of TM\y corresponding to the eigenvalue Xj of the 
differential of g. Here Xj = 1 (hence, Xj — e^^*^j/p) and dx. — dimNx.. Obviously, 
A^i = TY is the tangent bundle to Y. According to the results of Atiyah and 
Singer [3] described in § 5, the equivariant index ind(5r, E^) of the complex 
can be computed as md{g,Eip) = J2u '^(^l^)- have the following "recipe" 

for calculating the fixed point contribution functions (j{Y). In the formula (21) 

for the index of E^, replace M by F and e^* by A^- e** . Equivalently, since 

Xj = e^^^^j/P, one should replace z^^^^ by z^^^^^ — 27rixj/p. 
Since md{E^) = <p{M), we have 

ind(..)=(n,|y)[Mi= nn^ M. 



Hence, our "recipe" shows that 



because c„(M) = Ylj Y[i=i ^i'^^^ reduces to Cn{Y) — YliLi ^i^^ ^ill the weights Xk 
corresponding to the eigenvalue A = 1 are zero. Furthermore, since Y has triv- 
ial normal bundle in M, we have zf^^ = for A^ 1. Therefore, a{Y) = 
Ylj /(-27r\a; /p) '^(-^)' where the Xj are the weights corresponding to the eigenvalues 
Xj = e^^^^i/P ^ 1, that is, the Xj are non-zero modulo p. Finally, we have the 
following formula for the equivariant index: 

Theorem 5.1 and Proposition 5.3 can naturally be extended to the case of ac- 
tions having fixed submanifolds with trivial normal bundle. We get the following 
statement. 



Theorem 9.1. Let (p be a Hirzebruch genussuch that there is an elliptic com- 
plex of bundles associated to TM whose index is equal to <f{M). Then we have the 
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following formula for ip{M): 

V j i 

where = {J^^M-^ is the fixed point set, 9 = f^{—27Ti/p), [9]k is the k-th power 
in the corresponding formal group, andTv: Q(e^'^*/^) ^ Q is the num,her-theoretical 
trace. {If the genus ip takes its values in some ring A instead ofL, replace Q by the 
corresponding quotient field) . 

The author is grateful to Prof. V. M. Buchstaber and Prof. S. P. Novikov for 
suggesting the problem and wishes to express special thanks to V. M. Buchstaber 
for useful recommendations and stimulating discussions. 
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